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Abstract
The forms of the neutral, non-strange pseudoscalar propagator matrix and






)j0i, are discussed at next-to-
leading (one-loop) order in chiral perturbation theory. A recent attempt to
extract the o-diagonal, isospin-breaking mixing part of the propagator from
the mixed correlator, with the latter evaluated using QCD sum rules, is shown
to be incorrect. In demonstrating the source of the problem we obtain an ex-
plicit realization of its presence in the one-loop chiral expressions. Values for
the slope of the mixed axial correlator with q
2
in the two approaches are com-
pared and the sum rule value found to be more than an order of magnitude
too small. The source of this discrepancy is shown to be the incorrect chiral
behavior of the sum rule result.





In the traditional treatment of charge symmetry breaking (CSB) in the meson-exchange
framework, contributions to CSB observables arising from isoscalar-isovector meson mixing
are obtained under the assumption that the strength of meson mixing is q
2
-independent. A
number of recent papers [1{10] , however, have demonstrated that this assumption is suspect.
Although the quantity in question (the o-diagonal element of the matrix propagator) is the
element of an o-shell Green function and, as such, not in general invariant under allowable
eld reparametrizations (in the sense of Haag's theorem), nonetheless, the existence of q
2
-
dependence for any particular choice of interpolating eld immediately throws the standard
treatment of CSB into question. Of special interest, among the papers mentioned above, is
the treatment of    ! and     mixing using the method of QCD sum rules [7,8] since,
without having made any apparent explicit choice for the meson interpolating elds, the
authors claim to extract the leading q
2
-dependence of the o-diagonal propagator element.
If true, this result would be extremely interesting, suggesting that at least the leading q
2
-
dependence, was eld reparametrization independent, and hence to be incorporated in all
treatments of CSB.
In this paper we critically investigate this claim in the pseudoscalar sector (cf. Ref. [8] ),
and demonstrate by comparison with the results of chiral perturbation theory (ChPT) at
next-to-leading (one-loop) order that it is incorrect. We will see that the result of Ref. [8]
for the slope or this correlator with respect to q
2
is more than an order of magnitude too
small.
Let us begin by outlining the basic argument of Ref. [8] . Let ,  represent the physical
mixed-isospin 
o




the pure I = 1; 0 avor octet neutral elds. Then




























 +  : (1)
(There are, in general, q
2






), i.e., to rst




















































They then attempt to evaluate (q
2























































, and hence the determination of (q
2
), is made by
considering the pseudoscalar pole contributions to the form factor 
38
1




































































which, if correct, and if 
38
1
were known (e. g. from the sum rules treatment), would allow
one to extract (q
2
).
The expression (4), however, is incorrect. We may demonstrate this fact, and also the
source of the error, by considering the derivation of the expression in more detail. If we





















































































i = 0 to leading order in the chiral expansion, beyond leading
order, both matrix elements are non-zero. This is, of course, inevitable at some order, given
that L
QCD
contains a I = 1 piece. The fact that the mixed-isospin current matrix element
vanishes at leading order is a consequence of chiral symmetry, and the result does not persist















) in Eqn. (3)
vanishes. If one wants to determine the q
2
-dependence, one must go beyond leading order,
but, beyond leading order, the second of relations (5), (6) are not valid.






































The isospin-breaking parameters 
1;2
have been computed to next-to-leading order in the
chiral expansion by Gasser and Leutwyler [11] . f

is the physical 
o
decay constant (which






) [11] , and f

the physical 










are all independent of q
2
















































































are all equal to 
0



























= F so that, at this order, the











). The expression (4) is thus correct at leading order in the chiral expansion. Beyond






















, and knowing the numerator in





), which arises only at next-to-leading order and beyond, is completely
inaccessible from the q
2
-dependence of the numerator of (8). All of the statements above
will be demonstrated explicitly below when we discuss the results of ChPT to one loop.
We now discuss the quantities appearing in the above discussion at next-to-leading (one-
loop) order in the chiral expansion. We employ the low-energy eective chiral Lagrangian,
L
eff
, of Ref. [11] , which provides the most general representation of the physics of the
Goldstone boson elds compatible with the symmetries of QCD and breaking the chiral
symmetries in the way they are broken in QCD, to next-to-leading order in the low-energy
expansion. In what follows, all notation is as dened in Ref. [11] , and we will keep terms



































































one-loop wavefunction renormalization constants







the parameters of L
eff









. In what follows we will write Z
 1
3





































































































































































































, one may verify that m
2
te
is now nite, and diagonalize the
mass-squared matrix to nd the physical, renormalized 
0





















































































































average K mass-squared and F , B
0
are the two constants appearing in the lowest order part
of the chiral Lagrangian (F = f

in leading order). The expression (14) is not yet of use to












































































































































































































































are next-to-leading order quantities. Note that if `
38
had had no q
2
-dependence,








at this point. To compare with Eqn. (1) we recast the above






, i.e., the renormalized












































































































Let us now turn to the axial current correlator, 
38

. Although the low-energy represen-










order, so for the moment we may restrict our attention to the product of the representations






. These representations are easily read o from L
eff
of Ref.
















































































































































































+    (19)
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)). From the expressions (19) for A
3;8

and the inverted form

















































) , and to next-to-leading order in the chiral expansion) one may easily








. For our purposes, however,
it is more useful to present these results in a form that explicitly displays the contributions

































































































































). Eqns. (21), (22) illustrate our earlier claims explicitly. The rst terms on the right
hand sides of these equations are the only ones retained in the treatment of Ref. [8] . The











), and of 
(0)r
3










). The second of Eqns. (5), (6) are thus explicitly shown to be incorrect at next-
to-leading order as, in consequence, is Eqn. (4), which is based on them: the isospin-breaking
parameter, (q
2
), of the pseudoscalar propagator matrix simply cannot be extracted directly
from the mixed axial current correlator.
It is important to stress that there is no way out of this conclusion. While the expressions
(21), (22) represent only the leading plus next-to-leading contributions in the chiral expan-
8
sion, and one can always question the convergence of such expressions, we see explicitly that











couplings neglected in arriving at Eqn. (4). Since the eective Lagrangian,
L
eff
of ChPT simply represents the most general eective low-energy Lagrangian with the
symmetries of QCD which also breaks the approximate chiral symmetries of QCD in exactly
the same way as they are broken in QCD, it follows that the extra terms in (21), (22), not
accounted for in the derivation of (4), must be present in QCD. At even higher order in the




be valid), there will, of course, be additional contributions, which one expects to be small.
However, even if they are not small, the only way to resurrect Eqn. (4) is to assume that the
quark masses and mass dierences in QCD just happen to be such that, when one considers









(q)i miraculously cancel. Even if such a combination of quark masses does happen
to exist (which may well not be the case), one would clearly not wish to base one's use of
Eqn. (4) on the assumption that the quark masses, in the real world, had precisely those
values. We thus conclude that any features of (q
2
) beyond leading order in the chiral expan-
sion (which includes the entirety of the q
2





Let us turn to the question of how well the QCD sum rules approach of Ref. [8] represents
the axial current correlator. Again, ChPT to one-loop gives an explicit representation of
this correlator to next-to-leading order against which we may compare the sum rules results.
From the expression for L
eff
given in Ref. [11], it is straightforward to read o the low-energy






. This representation consists of two
parts, (1) the product of the low-energy representations of the individual currents, as given
in Eqns. (19), and (2) a set of contact terms associated with those terms in L
eff
quadratic
in the external axial elds. To next-to-leading order, explicit calculation shows that the









































Note that, although not discussed in detail in Ref. [8] , the pole approximation employed
there leads to a 
38
2
(as dened here) which is proportional to q
2
and hence vanishes as
q
2
! 0. It follows, from Eqn. (23), that 
38
2
cannot be properly modelled using only




we note that, to this order in the chiral expansion, the pole approximation is exact, and
hence that the correct expression for 
38
1
is that already written down in Eqn. (8), provided








from Ref. [11] . In obtaining the
explicit numerical results quoted below we have rescaled the values of 
1;2
quoted in Ref. [11]
by a factor of 1:22, in order to account for the larger-than-expected violations of Dashen's
theorem [12{14] . We thus have as input 
1



































































































as extracted in Ref. [8] via
the sum rule analysis. Although not stated in Ref. [8] , these values appear to correspond to




) based on Dashen's theorem, and so should be multiplied
by 1:22 before comparison with the values in Eqn. (25). Note that, to leading order in the
Borel mass, M
B




























to leading order in the chiral expansion, implies















extracted from the sum rule analysis are of the correct general magnitude thus merely







at operators of dimension 6 and dropping terms of O(m
2
q
) employed in Ref. [8] does
not violate the leading order chiral constraints. While this represents a necessary check of
the truncations employed, we see also that the correctness of the general magnitudes tells us
nothing about the likely accuracy of the truncated sum rules results beyond leading order.
To investigate this question we must look at the prediction for a quantity which vanishes
in leading order, such as the coecient of q
2










, whereas the results







more than an order of magnitude too small. Thus, the sum rules approach of Ref. [8] ,




at next-to-leading order. The source of this problem can be easily determined. In fact, if














































is the Borel mass and the higher order terms are
also higher order in the meson masses. If we now perform a chiral expansion of all quantities























+   
!
(29)
where +    represents terms higher order in the chiral expansion. In contrast, if one makes









































































The result of Eqn. (29) begins at O(m
2
q
), that of Eqn. (30) at O(m
q
) (plus the ubiquitous
chiral logs). We thus see that the truncation scheme of Ref. [8] has removed the leading
contribution to the slope of the 
38
1
, which accounts for the smallness of the numerical result.
It would be of interest to determine which feature of the truncation scheme of Ref. [8] is
the source of the problem. The situation here appears analogous to that encountered in
the sum rules analysis of the nucleon mass, where the usual approximate treatment of the
continuum contributions to the phenomenological side of the sum rule leads to violations
of the known chiral behavior of M
N
with m^, and only a more careful analysis restores the
correct next-to-leading order behavior [15,16] .
In summary, we have demonstrated (1) that the mixing parameter, (q
2
), of the pseu-
doscalar meson propagator matrix cannot be extracted, except at leading order in the chiral
expansion (where it is independent of q
2




, and (2) that the QCD sum rules treatment of 
38





) and truncating the OPE to operators of dimension 6 or less, fails completely
at next-to-leading order. Since the pole approximation for 
38
1
breaks down beyond next-






beyond that already known, at next-to-leading order, from the
chiral expansion. One could, however, protably use the results of ChPT to provide useful
constraints on the application of the sum rules method to few-body systems.
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